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I. INTRODUCTION 
In a long series of papers (see [l] for a list of references) the method 
of Invariant Imbedding has been systematically exploited to give a new 
formulation to many classical transport equations. Recently it has been 
realized that the imbedding method is of much greater applicability. 
In [2] it has been shown that certain two-point boundary value problems 
can be transformed into initial value problems by considering the equa- 
tions as arising from transport processes, quite independent of the origin 
of the equations or their physical significance, and then applying the 
invariant imbedding method to the physical model described by these 
transport equations. 
In this paper we carry this general program farther and show how 
these ideas can be applied to more complicated operators than those 
considered in [2]. In Section II we reproduce briefly the reasoning of p]. 
The results given there are applied in Section III to a classical problem 
of transport in a slab, assuming discrete angular dependence. The work 
suggests analogous results for continuous angular dependence. These 
are obtained in Section IV. The kind of reasoning used leads rather 
naturally to a similar analysis of time-dependent problems. In Section V 
new results are obtained by employing these ideas. Our approach 
throughout is quite formal. We shall assume without further comment 
that functions are sufficiently continuous and differentiable to justify 
the operations we perform upon them. In Section VI this formalism is 
discussed and the possibility of putting the Invariant Imbedding method 
on a rigorous basis is analyzed. 
Consider the formal s!-stem 
du -- = F(?L, Z’, z), 
dz 
- $’ = G(zc, ~1, z), 3 (2.1) 
u(O) = w, Z’(X) = y. 
This may be put in the discrete form 
u(z + 4 = f+) + dF(f4 u, 4 + o(A), (2.2a) 
v(z) = v(z + A) + AG(zt, z’, z) + o(A). (Mb) 
(The reader may find it convenient to recognize here an application of 
Taylor’s Theorem : tt(z + A) = 21(z) + (dzqdz) L!l + u”(Z + flA) Ll2p; 
0 < 0 < 1. This idea is used repeatedly in this paper.) 
Equations (2.2) can be interpreted physically as follows. Let time- 
independent transport of particles take place on an interval extending 
from 0 to X. Let U(Z) be the flux to the right, U(Z) the flux to the left. 
Equation (2.2a) then states that the number of right-moving particles 
at z + d is given by the number at z modified by the interaction Fd 
that takes place on the interval (z, z + d). A similar interpretation is 
possible for (2.2b). 
With the physical model in mind we define 
R(x; y) = flux of particles out of the end x due to y particles per second 
impinging there. (2.3) 
wx + As Y) 
, 
Evidently R(x; y) G U(X). 
We connect R at x with R at x + d by noting that the fJus at x + J, 
due to a source )I, is produced by the flux at X, due to a modified source 9, 
plus the flux produced by interactions in (x, x + d) : 
R(x + A ; y) = qx: 9) + wqx; y), y, x) (2.4) 
+ o(A). 
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The modified source 9 is just the zr-flux at X: 
v(x) = jJ = u(x + A) + AG(R(x; y), y, x) 
+ 4). 
(2.5) 
From Eqs. (2.4) and (2.5) we obtain, after some manipulation, 
aR _1 - G(R(x; y), y, x) $$ = F(R(% Y), !I ‘1. 
ax 1 
(2.6) 
The condition at x = 0 (see (2.1)) is 
R(0; y) = w. (2.7) 
The ideas behind the above equations are fundamental. They have 
been used in [2] to consider the system 
$ (z; r) = F(ti(Z, I), 42,2),. * . u(z, a), v(z, l),. * . I#, 4, x; r), 
- -$fj (2; Y) = G(u(z, l), . . . ~(2, R), v(z, l), . . e v(z, n), z; Y), 
u(0, r) = w,, v(x, r) = Y,, Y= 1,2 ,* * *> It. 
There it has been shown that 
yn) - ~G(R(K 1; yl,. . . vn), R(x, 2; ~1, 
k 
= F(R(x, 1; Y1,. . . y,,),. . ., R(x, u; yl,. . . yrp), Yl,. . . Ynt xi YY), 
R(0, r; y1, * * * yn) = W”, Y = 1,2,. . . ‘18. 
Here, of course, 
R(x, r; yl, y2,. . . yn) s zc(x; I). (2.10) 
Problems (2.6) and (2.9) are initial value problems, in contrast to the 
original two-point boundary value problems (2.1) and (2.8). 
III. APPLICATION TO TR.~NSPORT IN A SL.IB - DISCRETE -~NGUL.IR 
DEPENDENCE 
Consider the transport equation 
This equation describes the transport of particles in a slab geometr!- 
The variable /c is the cosine of the angle between the direction of the 
particle and the direction normal to the faces of the slab, and N(z, ,u) 
is the flux of particles at position z going in direction specified by /I. 
(For a complete discussion of the physical origins of (3.1) the reader is 
referred to [3]). 
We shall not attempt immediately to analyze (3.1). A discrete version is 
cos 6, ‘F + a(z)N,(zj = gA2* 2’Ni(z), r = 1, 2,. . . 2n. (3.2) 
This represents a physical model in which only motion in certain specified 
directions Or is possible. We assume that 
OQ,<$, j = I, 2,. . , n, 
(3.3) 
7612 < Bi < 37, j = n f 1, tz + 2,. . . 2n. 
Thus for j = 1, 2,. . . , n, N,(z) represents a flux of particles toward one 
face of the slab, the right one, while for j = H + 1,. . . , 2n, N,(z) represents 
a flux toward the other face. Consider as boundary conditions 
Ni(0) = 0, j=l,&... n; 
Ni(x) = YJ; j = 11 + 1, n + 2,. . . 2n. 
(3.4) 
Now write (3.2) as 
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du(z;r) a(z)v(z; r) 
- ~ = - jCOSe,‘l dz 
Y= 1,2,. ..,n; 
with 
(3.5c) 
Then, from (3.4), 
zc(O;v) = 0, v(0; Y) = yr. (3.5d) 
Clearly (3.5) is in the form (2.8). The functions 1; and G in this case are 
linear in the arguments zt and 21. The equation for R can be obtained 
directly from (2.9). 
$( x,r; Yl,YZl. - .I Yn) = i- l k=l p&q i -a(x)yk 
;c; 
1 
+- 
cos 8, 
+ 444 
2 
4 
4x)W - o(x)R(x, r; yl,. . . t yn) + 2 2 R(x, ii ~~1, - . -> yn) 
I=1 
n 4 
-c I Yi * 
(3.6) 
j=l 
Equation (3.6) may be considerably simplified by utilizing the fun- 
damental linearity of our problem. Clearly, 
where 
&,r,q)= R(x,r;0,...,0,1,0,...,0), (3.8) 
the 1 being in the qth i>osltlon. ‘I‘hu< 
aR 
.- (x, y, m) a.r 
Some manipulation then yield5 
From (3.5d) and (3.i) 
R(0, Y, m) = 0. (3.12) 
16’. TRANSPORT IN A SL.M - CONTINUOUS ANGLE DEPENDENCE 
The form of (3.11) suggests passing to the limit of continuous H- 
dependence, the sums thus becoming integrals. UFe shall now show ho\{ 
to obtain the continuous case directly from (3.1). Let us take as boundaq 
conditions N(x, EL) = y(/d), - 1 < p < 0; N(0, /() = 0, 0 < 11 < I. 
These are the continuous analogues of (3.5d). 
The function IV(z, p) is dependent upon the input y, which in the 
continuous case is itself a function of EJ, - 1 < ,u < 0. Thus the reflected 
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flux R(x, p; 31) is a /wcctiod of y. In view of the linearity of the problem 
me may write 
0 
R(% pi Y) = 
i 
Rx, F? POMPO) Go. (4.1) 
-1 
Here a(~, ~4, /to) is the flus out in direction ,rc, 1” > 0, due to an input 
flux in direction p,,, - 1 < ilo < 0. Equation (4.1) is just Duhamel’s 
Principle for our problem. 
\Ve now apply the imbedding argument to R(x, ~1; y) : 
R(.r + 4, p; y) = R(x, 1’1; p) + .F4 + o(A) (4.2) 
where 9 is the input at x, and ELI is the emergent flux produced by 
interactions in (x, x + A). 
To find ji and SL! we employ (3.1). We write (3.1) in a form suggested 
by (2.8): 
aN 4w (z, 4 -=---- 
a2 P 
= 9, /G-o: 
1 
aN _ --_- 
az 
4Z)W~ PI 1 44 44 
It4 21Pul 
N(z, p’) dp’, 
-1 
= 9, p<O; 
P-3) 
In discrete form 
N(z + 4, ,4 = N(z, p) + 94 + o(d), p>o; (4.4a) 
N(z - 4, p) = N(z, p) + 3A + o(4), 1’1 < 0. (4.4b) 
From (4.4b) we have 
+ o(A). (4.5) 
From (4.3) and (44a) 
(-1.7) 
Combining (4.6) and (4.7) with (4.2) gives 
(4.X) 
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t o(4. 
Now choose y(p) = 6(,~ - ,~r)~ - 1 < cl1 < 0, where d is the Dirac 
delta function. Then, in the limit as .4 -, 0, 
(4.9) 
1 
I 
R(x, ,d, ,uJ dp’. 
0 
The initial condition is 
qo, p, ‘“I) =0. (4.10) 
Equation (4.9), apart from matters of notation, is one that has been 
derived elsewhere from purely physical considerations (see [l, p. 3071). 
It is exactly the equation suggested by passing formally to the limit of 
continuous d-dependence in (3.11). 
Both (3.11) and (4.9) are special cases of more general transport 
equations which could easily be derived using the same principles, These 
cases could include anisotropic changes in particle energy, etc. There 
seems little point in writing these in detail. 
1'. TIME-DEPENDENT PROBLEMS 
The equations (3.11) and (4.9) are not new, although their derivation is. 
In this section we shall employ the same general ideas to discuss some 
time-dependent problems. Experience has shown that the invariant 
imbedding formulation of such problems is quite difficult when one 
proceeds directly from the physical principles. Indeed, only a few such 
time-dependent equations have been obtained. Our new formalism 
+ t&h, f)v(z, t; j) = G; 
t=l 
u(0, t; r) = 0, zfx, t ; r) = Y$), 
u(z, 0, I) = ZJ(Z, 0, r) = 0, 
Y= 1,2 ,..., It. 
Notice that we have assumed at once that F and G are linear in the U’S 
and ~1’s. This is vital to the analysis that follows. The general problem 
for nonlinear F and G remains unsolved. 
Once again we interpret the system (5.1) as a model of transport on 
a line. Hence U(Z, t, 7) is the flux of particles moving to the right in state 
Y at z at time t, while v is the flux to the left. The speed of particles in 
state Y is cI, chosen constant for convenience. Particles in state Y enter 
the system at r = x at the rate y,(t); no particles enter at z = 0. There 
are no particles in the system at time t = 0. 
Define 
R(.v t, r; ~1, ~2,.  ., y,J = total number of particles in state I emergent 
from the rod at z = x up to time f due to the sources ytr i = 1, 2,. . . , JI. 
Clearly, 
(5.2) 
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Sow let 
B(x, f, z; Y, K) = total number of particles in state Y emergent from the 
rod at z = x up to time t due to one particle in state k in at time T, 
O<T<f. (5.4 
In view of the condition ~(0, t; Y) = 0 we have I?(x, t, z; Y, k) = 0 
for t > t. Then, analogous to (&I), 
R(x, t, r; yl, y2,. . . , yn) =2 s @, t, t; ~9 j)rj(d dz. (5.5) 1=‘(J 
\Ye shall now find equations for the functions I?. 
LTsing the imbedding principie again 
= R(x, t, r; gl, p2,. . ., jJn) +4 
I 
Fdt’ + o(4). 
0 
Now y,(z) = P(X, t; I). From (5.1) 
u(x, t; 1) - v(x+ 4, z - d/c,; v) 
= 4 i g&, z)zc(x, t 
j=l 
(5.7) 
n 
; i) + 4 C&(x, t) v(x, t; j) + o(4) 
I-=1 
where (see (5.3) and (5.5)) 
R’(x, f, j; yl,. . .) m) = $ (x, 6 j ; yL, - . . , y,J (5.8) 
with R’ = aI?/at. From the definition c>f I? we see that B(.e, t, f, i, k) z= 0, 
so that 
Hence (5.7) may be written 
From (5.5) again 
(5.11) 
1 ‘1 . 
=rl I?(%, t, t; Y, j)yi(t - A/c,) dt 
p=1 
)I t ,l 
Rx, f, z; y, i) 2 ijp(x, ~)yp(t) uk + 44. 
p-1 
Recalling (5.6) we investigate I;d. From (5.1) 
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Thus 
jmdt = d 2 2 j dt’ f&, t’) j I;“@, t’, z; j, k)yk(t) dt 
0 f=l k=l 0 0 
(5.13) 
Now choose 
Y;(t) = &A(t - TJ, i=l,2,...,n 
(5.14) 
Then, from (5.5) 
R x+d.t+;J;Yl,y, s..., Y* 
( 1 i 
=w 
* 
x+d,t+&;r,m ; 
I ) 
(5.15) 
from (5.11) 
and from (5.12) 
f 
1 
I 
0 
n t 
fri(x, t’)a’(x, t’, zl; j, m) dt’ + A/,,,,(%, zl) (5.17) 
Combining (5.15), (5.16), and (5.17) according to (5.6), letting A -0, 
and replacing tI by t yields finally 
(5.18a) 
From (5.1) we have 
R(0, f, t; r,k) = 0 (5. Mb) 
Equation (5.18) is new. It has appeared elsewhere [4, 5 j in the ver! 
special case arising from 
- g (z, t) + ; g = a(z, @4(z, t). 
Here n = 1, f = 0, f’ = 0, g = CT, 8 = 0. Thus (5.18) becomes 
(5.19) 
(5.20) 
I 
+ 
1 
R(x, t, t’)u(x, t’)R’(x, t’, z) dz’. 
11 
This equation, derived in the earlier papers on purely physical reasoning, 
has proved useful in the analysis of some transport problems [5]. 
We remark also that (5.18) suggests a generalization to the case of 
continuous Y and m dependence, just as was the case with (3.11). The 
important equation 
qz, $3 qqp, ’) d/d, (5.21) 
-1 
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describing time-dependent transport in a slab, with anisotropic scattering, 
is a corresponding generalization of (5.1). We shall leave to the reader 
the task of writing the appropriate version of (5.18). Problems involving 
continuous energy dependence can also be handled, as well as many 
others. 
\:I. CONCLUSIONS 
In this paper we have shown how the notions introduced in p] can 
be used to obtain invariant imbedding formulations of several important 
transport problems. Some of the equations we have obtained have been 
known for some time, though the general results of Section V are new. 
The methods make clear that many invariant imbedding equations that 
have heretofore been beyond our grasp can now be written down fairly 
easily. This is because our new formalism has eliminated the need for 
the cumbersome particle counting procedures used in earlier work. 
Moreover, the new methods promise a way of putting the entire 
invariant imbedding method on a rigorous foundation. In early treat- 
ments of transport theory we have always had to proceed from the 
physics of the problem to either the classical Boltzmann-like equations 
or to the invariant imbedding equation. The equivalence of the two 
formulations, escept in a few trivial cases, has had to rest on the physical 
reasonableness of the two approaches. This is, of course, mathematically 
unsatisfactory. The attack initiated in p] and continued here suggests 
strongly that the equivalence of the two methods may eventually be 
resolved directly thru the equations themselves. An effort in this direction 
will be made in a later paper. 
Finally, we hasten to point out again that the results of Sections III, 
IV, and V depend heavily on the linearity of the transport problem. 
Application of the methods of this paper to nonlinear partial differential 
equations and nonlinear integro-partial differential equations must still 
be investigated. 
REFERENCES 
1. BELLMAN, R., KALAB.4, R., AND WING, G. M. Invariant imbeddmg and math- 
ematical physics I: Particle processes. J. n/l&. Phys. 1, No. 4, 280-308 (1960). 
2. BELLMAN, R., KALABA, R., AND WING, G. M. Invarlant embedding and the 
reduction of two-point boundary value problems to initial value problems. 
Proc. Natl. Acad. Sci. 46, No. 12, 1646-1649 (1960). 
3. DAVISON, B. “Neutron Transport Theory.“ Oxford Univ. Press, London and 
New York, 1957. 
4. BELLMAN, R., KALABA, Ii., AND U.ING, G. hl. Invariant imbedding and neutron 
transport In a rod of changing length. Pvoc. Sat/. Acad. 5-b. 46, No. 1, 12%130 
(1960). 
5. lhs~~c, G. AI. Analyws of a problem of neutron transport m a changmg medium. 
To appear m J. Math. Meek. 
